
 

1 1 Important Examples MORE EXAMPLES

Exm 1 Euclidean space113 a i xn ni cIR A X Itn pal set 11clp 1xilPt1xz1Pt tlxnlP
norms
Euclidean Hell n t u 1 xn B X v s over F dim n Every basis hasexactly nelements

max 11211 Max Eas B e en then b x ex a x e tanen

norm 11Ilp ixIl't lampP
Rem real dim nvector space is iso to IR

C Pd basis i x xd
Exm Pd flat aot a x 1 acted DimCpd D11 norms litho Iolfcxll.Pd.sc

so Pa IR Hf11 EElfcxl1
othernorm Hflki fo lfix1d

D IFT a ca azas ajet finitelymany g to
Exm2 Rex dim basis 91 T Hoo Mx T ai 2 nait t
norms FHL Softballda

Ilfall max la t E Fa x Cao x cIFiia o
sequence space EPisa subspace of Fa

Exm3 Ceo13 continuous realvalued functions on con
dim no nonaturalbasis F Ceo 11flip of.in lflHl
norms fill SoIth1dx little fo'tfailPdx

11flip maxiflailrecon

Ex 1 reverse triangle inequality 11111 Hy111E11 911
Exm4 sequence space EP I x EIlaitcool psi
norms Helpt.EExilP Ex2 fix 1111 is continuousonX

p n e z Gil gy.pl ik Ex9 Each v s has a Hamel basis ealaea sit
norm 11111 i sup tail V xex.sc is a finite tin comb ofsome ea's

1 2 Normed Linear Spaces

Dfn 1 x vs overit Normon x H Il X IF satisfying
1111 o u x ex 1111 0 x o

11211 1 11111 Vxex.aeIF
llx iyl.clx.H 1lyHVx ycX

normed linear space X11.11

Prop 2 XHH dlx.gl Hay gives metricspace x d



2 1 Inequalities Lem3 Y1insubspace ThenT is alsoa linear subspace

Lem 1 AB70 and01011 Then AOB040A1 l 0113 Dfn4 it is dense in if I X

Notation Kpix set q sothat it ta I Dfn 5 KC Xd is compact if everyopencovering
of K hasa finite subcover

1hm2 Holder's Inequality foranytwosequences
as an and Ebi bn ai bi o Forany Icpc prop6 KC Xd is compact iff everyinfinite sequence

Eiab e Ena P Enb a 9 H n in K has a subseawhich converges to a point in K
compact sequentially compact

when p L EiaibieEai ftp.xnbi H Dana set E E X HIl is bounded if I r o sit ECBrio
p n Enaibie7f.xnai.IEbi H

1hm9 kE kn Hp is compact K is closedandbounded
Cor 3 x xj y Yj complex sea icpca

Exy E Elx IP Ely I9 E H complex Cor 10 X fin dim vs with basisB For any kpc no
in a set K in XHHpB is compact iff k is closedandbounded

1hm4 Minkowski's Inequality x Cai an Rem LPHHel is an Wls for q psi
and y ly yn of An then But Pca not Nis

in a

Elaity IP e ftp.lxjl j2lyIP M

or
HxtyHp E Hallp tHyHp for Icpc

n a extends this to infinite sequences

Prop5 Minkowski's Inequality for integrals
f gEccoD M Int

fo lfix gullPdx e ffo'tfailedc gilgaiPdx

22 Metric structure of Normed Linear Spaces

Dfn1 Goxopen if Vxc G.gr o s.t Brix EG
Crcxclosed if XIG isopen

Dfn subspace is a subset YEX where every linear
combination ofelements in 4 is contained inY
I e x yet xxtpyc YV a.peF

Rem if 4 a subspace then 0EY

Prop2 YEX a subspace If yopen then Y X

Dfn closure of y I setof limit pointsofS
smallest closedset containingS



3 1 Banach spaces prop 4 T.LY II Ily and S Z HHz two
Holes completions of X HHx Then Yand Z are

Metricspace is complete if every Cauchy sequence isometrically isomorphic

an CX converges to apointin x
3 2 Equivalence of Norms

Dfn 1 Nls X Il Il iscalled a Banach space ifthe
associated metric space x d isa completemetricspace Dfn 1 Twonorms 11111 11.112 are equivalent if 7

a constant A s.tt xeX
EXAMPLES 11 11 E A11 112 and 11 112E Allah

B o E A13,40 B o E AB lo
A Finitedimensional Nts

Rem canalsoshow 3 ABCIF sit V EX
B CeoI 11.11cg dlx.ly fy.YePo.ylfHl flYll Hall A11112 and HallaE 1311111

C NOTBanachspaces Ceo13,11Hip KP Ca Rem equivalent norms is an equivalence relation
counterexample fin xn

prop 2 11.11 and11112 betwoequivalentnorms onX
D EPHHp le pen If Exn's x wrt 11.11 then an x wrt 11.1.12

If GCXopen wa HHi then Gopen wrt 11.112
Lem 2 E Il Il a Banach space and let Y X HIli is Banach XHHz is Banach
be a linear subspace of E Y Il Il is a
Banach space iff Y is a closed linear subspace ofE Thm 3 let X be a finite dim v s over F Then

all norms on X are equivalent
Completion of NLS IX 11.11 E HIl where
Ccomplete Xdensein E and 11111 1111 H CX Cor4 X 11.11 findim Nis Then 11,1111 is a

Banach space If it is a linear subspaceofX
I C x xj K Cauchy in Equiv rel then it isclosed

on C any Haj yH o as g a E Ch
E is a v s Ex Ey f Y QE Ed Cor 5 X HH findim us Then a subset KCX

is compact iff K is closed andbounded
2 VxEC IHall 1174411 EHaj Mell o as j a

11 11 is Cauchy in IR Thm 6 X 11.11 NLS Belo is compact iff
IR complete fifaHas'll exists X is finite dimensional
11.11 HexH fifaHaj

3 Identify a EX with x x x x

4 E H Il is a Banach space

Dfn3 X HHx and Y IlHy be Nls Then
linear map T X Y is called an isometry if
HTally 11 11 t x C X
XandYare called isometrically isomorphic if I
an isometry T X ontoit Then T 1 y X is
automatically a surjective isometry T linear
Banachspace completion of XHHy is a
banach space Y HHy and an isometry
T X Y s t TH is dense in Y



4 1 Inner Product Spaces 4.2 Orthogonality

orthogonalprojection

Dfn I X V s over it An innerproduct on X is a map Spancy ay is c IF
c xxx IF satisfying Py x Cx y y linearmap c spancy
1 x x 30 V aEX x x o x o Pyu e x Pyu H x Pyx int Ha ay11 one
Z x y y x V x.yEXV x.y.aex3 Lax By 27 Xx 7 1 Bly t va.se y fin dim subspace of IPs Xc 31 then 4 has an

orthonormal basis conB Y spancel en Lei ej sis
Note Gc ay I x y but Lxx y xcx y

y jEdie my112 En la 12
norm 11 11 _Isx x

1hm 1 Yc x c IPS ONBof Y 993 Thelinear
EXAMPLES

map PyX y givenby pyx En ix e ei satisfies
1 x p c Ly v yet

A tin ex y a It anTn 2 Bessel's Inequality ka e 12 E11112
I 11 112 equivalently Pyu t 11112

3 pyxis the unique closest point in it to u
B e say YT tix pyx11 min may yet

c 11112
EXAMPLES

C Ceo I Lf g Soflxlgc.cl dx
is HfHr c use1hm 1 tocompute int folan aninn areaolzdxao.atameir

Method

Thin 2 Cauchy Schwarz Inequality 13consider n dim Ips cpn.h.nu Cfi97 So'flxlgcHd
X C Vx cX let y pix Etax

x y I E IlallHyll D construct ONB forY using 1 of 1hm 1
3 By thin 1 the poly pet thatachieves themininthen

Useful fact Recay E Icay I E 11 1111911 integra is Pyfix Hiei eic where fix xn

Dfn x andy are orthogonal if x Y O Gram Schmidt process make onB
notation x Ly

proju v
can uu.us

Prop 4 Pythagoras If xly then Ips
u v

Ha y112 111121 Ily112
uz vz proju vz

Props Parallelogram law H x y cX Ips 43 vz proju vs Proju uz
ay vy proju vy proju vs projuscux

11 9112 11 9112 2 11 112111y112 i
real k i

Rem if X an NLS 1 has parallelogram law then Uk vis E Proia via e Uk
Hurllcan construct norm 4Cary It a19112 Ha y112

Prop6 X C with scalars1C Then
3

4Guy it'll ikyll
K o

11 19112 Hx y112 ill x iy112 ill x iy112

so called polarization identities of IRand a



51 Hilbert spaces 5.2 Orthonormal Bases

Dfn a Hilbert space is an IPS X c wherethe Notation Fouriercoefficients Ig Lx ej
metric inducedby C is complete

1hm 1 CONDITIONS FOR ORTHONORMAL Basis
Hilbertspaces C Banach spaces
I Vice H if Icj o Vj l then x o I e the

Banach Ips sequence e 3 is a maxima orthonormal family
of vectors only0isortho ai e

EXAMPLES
H span ejb.sn

a nA Hn Cay Exit i ViceH 2 angle tim E Icjejj ns i
E e Lx y EInisi VxYEH x y E Ic goF CeoI Cfg So'fCxgTxdx i i

ViceH parseval's identity holds
aParseval's Identity InfinitedimHilbertspace ever 11112 2 I g12

orthonormal sequence of vectors Then

11 112 Kate 12 one of these satisfied ej an ONBfor it

every element KEH has a unique expansion as Rem dimCH finite then HC and IthC 72
an infinite linear combination of ej3jm are indistinguishable

Dfn C CVover it is called convex ifwhenever xy.cc x y Icj j Icj j z
then the line segment ax l a y oc at 1 CC

Rem any linear subspace is convex Define dim11 0 T H ez Tx ICD i

T is an isometry
1hm 1 H c a Hilbert space and CCH aclosed y Icj Icj e2
convex set Then it x c 3 yoEC s t

Hx you inf Hx ylliy.cc
Prop2 T is onto

Din 2 let Sbe anyset of vectors in an Ips
The orthogonal complement to S is Rem dimCH x hasoNB then H Ls s and e c ez

St seeX xLy Vyes are indistinguishable

St linear closed snst o EXAMPLES

anentryd
1hm3 H Hilbert M proper closed linear subspace ofH 1 e HHei ONB e e o.o 0,1o.o o

3 linear maps Pm H M Qm H Mt sit Vx cH
n Pmx Qm 2 Ceo C Cfg Sotaigadoc

This representation is unique and Pm is called the e in linen forms onBfor completion of
orthogonal projection ofHonto M Club Lyon

H MtMt Prop 3 Hpossesses an onB iff 3 a countable set
SCH of vectors which is dense in it

Has ONB calleda separable Hilbertspace



61 Bounded Linear Operators I 6.2 Bounded Linear Operators

Linearmap Haa 1rad xtcx.lt Pilar Thm 1 Y Banach L xY Banach

continuous an x then Tan Tix
Prop 2 Extension fromadense subspace

Dfn1 X1111 YHH NLS and T X Y a linearmap X NLS Y Banach X CX dense linear subspace
T is a bounded linearoperator Bio if I Mao s t suppose TELCHY Then 3 FEL XY s.tt xi T

11TH 11TH and T an isometry F anisometry11Tall E M1111
ViceX ppamayhavedifferent

normson x andy
Prop 3 het TELCHY KerCT is a closed subspace

Ex tix cX H1 11SMHill
11 11El 111 11EM Finite Rank Operators FRO

Hall t H1 11 M
Vx.to M FiniteRankoperator FRKY TELLxY dimImc111 co

11TH Sup T sup111 1 sup111 11o uan main me
Prop 4 TELLXY 1 x findim cj X It le em

and
1in coord mapsof T Wh abasis B f of 1XIl TxIl E 1111111 11 V x E X
Then T is continuous iff Cj is continuous vii jem

1hm2 T iscontinuous at o an o T.cn To o

T is continuousat everypoint xex an x T.cn Tx X L X F space of linear functionals
T is bounded

Ex 11TH min M 111 11EM1111 VxcX

Prop operatornorm 11TH on BLS L XM is a norm

EXAMPLES

A shiftoperators Lso L EP e Rso R e EP
x xz.az Rx o x az as

11Rsdlp Hamp HLclip cHallp

B CeoI Il Ili T CeoD IF if So'xfixidx
I1ft e little

Prop4 T X Y 1inop dimX ca Then T is continuous

Evallvec Tx ax eusaYP1 1 E11TH

SpectralRadius pti sup121
independent of norm

Selfadjoint Tx y G Ty p T 11TH

all real evals basisof evecs

Adjoint 1 of T Txy Cx y
1 T selfadjoint

singular values of T evais of Ttt



7 1 Dual spaces
7 2 Adjoints

Dfn 1 XNLS over it The dual space to X is
thespaceL XIF space of an cont 1inmaps x It matrix of T Cai then matrix of T is AI
Notation X L X F and Text is called a
bounded linearfunctional on X Thin 1 H K Hilbert T ELCHk VyeK F TtyCH

such that Tx y La Tty Vxc.tl
X is complete always The map y Tty is TtE Ll KH satisfying

111 11 11111
Prop2 Let Icpc x The dual of EPis isometrically
isomorphic to eat where Yp Ya l Rem 1 T

Sgn E l o 11 Prop 2 HK Hilbert TE L HK Then

111 111 HTT11 111112 1117112
Ex e isoiso to en

Colt iso iso to l Integral operators
isometricembedding of l into en

T ccon Ceo linear Tfa SoKinylflyldy
1hm 3 Riesz Representation Theorem where KECleoDxcoil K kernelof 1

Let it be a complex Hilbert space Then 3 a K example of an integral operator
conjugate linearisometric isomorphismfromH onto Ht
given by T y Ty where Tyk Cx y Can extend to Hilbert space

Rem IlTy11 11911 Then if T is an integral operator with kernel Klay
thenits adjoint 1 is also an integraloperator with

Rem IF IR T is linear K x y kly.sc

eg L CoI is completion of CeoT



Extendingideaofadjoints to
8 1 Transposes a normedspacesnotjustHilbert 9.1 Compact operators

Dfn 1 Let X YNLSand TELLxY Thetransposeof 1 Dfn1 XY NS T X Y linearmap Then T is called
denotedby T is themap T Y Xt givenby compact if 1 x Hallet is acompactsubsetofY

Tg x g TH
Rem anycompact operator is a bounded operator

Prop2 XYNLS and TECHY Then T Yt x is
a Bio and 11T'llE11TH K XY compactoperators X Y

Prop 3 XY NLS and TELLXY If it satisfies Remi k X4 CLCxY
Ily11 go.fiPglleil9Cy1lVyEY then 11T'll 11TH FRXM E K xY

Reflexivity X normedspace rex define action Thm 2 X NS Y Banach and TjELIXD a compact
of on x by ri X IT I if flat operator suppose a Tedx y sit 11T TH 0 as i in

Then T is compact

Then I cX Define l X X i ni I Linearity
impies e is an isometry of onto x Lem 3 XY NS suppose T EL xY Then Tis

compact iff V boundedsequence xn E X the
Dfn Banachspace X is reflexive if I X X is surjective sequence Tan EY hasa convergent subsequence

Ex anyHilbert space is reflexive Cor 4 X YNs ThenK xY is a subspace of day

RemX Y reflexive T CICKY Then T ly otoli 9.2 Compact Operators I

8.2 Hilbert Schmidt Operators Hilbert spaces FREFISE K EL
HK separable Hilbert bothhave ONBs

TEHSCHK 1 EHSKH and 11THHs HTHas
Dfn1 A BLOT H K iscalleda Hilbert Schmidtoperator if

11TH NE11Ten112C a Prop 1 HK separable Hilbert and T H is linear If
en is onB ofH sit Enlltenhka thenTELCHk

where en is any ONB for H andhence 1CHUHKI

FISCHk setof Hilbert Schmidt operators between HandK

Rem ASCHk is a Linsub of LCHk

It111µs isa norm on 215111,14
dimCH x then HSCH.la LlHikl
FRCHK C FISCHK

Lem2 Let en bean ONB forH fm an ONBfor k

Then
411Temp 2 kten.fm12 211 fm112

no m m

Prop 3 H K twoseparable Hilbert spaces TE21541,14
Then 11TH E11THits

Prop 4 Let H K separable Hilbert TE TISCHK
Then 7 sequence Tn E FRCHk s t Tw T in
Hits IlTn TH 0 as N x



101 Spectral Theorem Preliminaries 10.2 Spectral Theorem the Proof

TheTheorem Rem projection is v is self adj iff pisorthogonal
1hm 1 H Sep Hilbert and TELCH isa compact
self adjoint operator Then I an orthonormal basis Rem Orthogonal projection

of eigenvectors en forT sothat it XEH

Tx fan x en en A Spectral Theorem For Normal Operators

Moreover theeigenvaluesan arerealandwhendimH x Normal Ttt T'T
the sequence an belongs to co Finally the eigenspace
of each nonzero eigenvalue is infinite dimensional 1hm1 Letit be a seperable complex Hilbertspace and

suppose TELCH is a compact normal operator Then7
Cor 2 If TELCH is a compact self adjoint operator an ONB of eigenvectors en for T s.tt xEH
then 11TH Max 121 t is an eigenvalue forT Tu Zancaen en

Lem3 TELCH self adjoint andfor someOFXEH Moreover the sequence In CCo Finally the
Tx ax Then AEIR eigenspace ofeach nonzero eigenvalue is finite dimensional

Lem 4 TELCH self adjoint andfor some 0txc.tl
Tx Tx and for some OtyEH Ty Uy X tu
Then Lx y 0

Prop 5 TCLCH compact self adjoint Theneither
11TH or 11TH is an eigenvalue for T

Lem 6 T ELCH self adj Then 11TH KTx

Rem T ELCH self adj then L Tx DEIR V xcH


